In this note we first establish a criterion for the conjugacy separability of HNN extensions of polycyclic-by-finite groups with central associated subgroups. Using this result, we prove the equivalence of residually finiteness and conjugacy separability in these HNN extensions. Then we prove that the outer automorphism groups of these HNN extensions are residually finite if the HNN extensions themselves are residually finite.
Introduction
In [4] , G. Baumslag proved that if a finitely generated group is residually finite then its automorphism group is also residually finite. On the other hand the residual finiteness of the outer automorphism groups of finitely generated groups is not much known even if these groups are residually finite. Indeed D. Wise [20] has given an example of a finitely generated residually finite group whose outer automorphism group is not residually finite.
Grossman [12] initiated the study of the residual finiteness of the outer automorphism groups of residually finite groups by proving that if a finitely generated group is conjugacy separable and every conjugating automorphism is also an inner automorphism then its outer automorphism group is residually finite. In that paper [12] Grossman showed that the outer automorphism groups of free groups and of the fundamental groups of closed orientable surfaces are residually finite. As a consequence the mapping class groups of closed orientable surfaces are residually finite.
Recently, Allenby, Kim, Tang, Chai and Choi in several papers [1, 2, 7, 13, 16] , have made important contributions to the study of the residual finiteness of outer automorphism groups of various groups. In [1] , Allenby, Kim and Tang improved on Grossman's results by proving that the outer automorphism groups of generalized free products of two free groups amalgamating a maximal cyclic subgroup are residually finite. From this, the outer automorphism groups of certain pinched one-relator groups and the mapping class groups of both the closed orientable and nonorientable surfaces are residually finite. In [2] , they showed that the outer automorphism groups of finitely generated Fuchsian groups are residually finite. More recently Kim in [13] , proved that the outer automorphism groups of the polygonal products of four polycyclic-by-finite groups amalgamating central subgroups with trivial intersection are residually finite. Very recently Kim and Tang [16] proved that the outer automorphism groups of tree products of finitely generated free groups amalgamating maximal cyclic subgroups and the outer automorphism groups of polygonal products of finitely generated central subgroup separable groups amalgamating central subgroups with trivial intersection are residually finite. As a consequence outer automorphism groups of polygonal products of finitely generated abelian groups amalgamating trivial intersecting subgroups are residually finite. Again very recently Chai, Choi, Kim and Tang [7] showed that the outer automorphism groups of certain tree products of abelian groups and Brauner's groups are residually finite. In [23] , Wong and Wong proved that the outer automorphism groups of certain tree products of polycyclic-by-finite groups amalgamating central subgroups with trivial intersection are residually finite.
In this note we study the conjugacy separability of HNN extensions of polycyclic-by-finite groups with central associated subgroups and the residual finiteness of the outer automorphism groups of these HNN extensions. In Section 3, we first establish a criterion for the conjugacy separability of these HNN extensions (Theorem 3.3). Then we prove the equivalence of residually finiteness and conjugacy separability in these HNN extensions (Theorem 3.4). This extends the result of Raptis, Talelli and Varsos [18, Theorem A] . In Section 5, we show that every conjugating endomorphism for these HNN extensions is also an inner automorphism (Theorem 5.1). By applying Grossman's result [12] we show that if these HNN extensions are residually finite then its outer automorphism groups are residually finite (Theorem 5.2).
The notation used here is standard. In addition, the following will be used for any group G: 
Conjugacy separability: Introduction and preliminaries
Grossman's requirement [12] of conjugacy separability in her work on the outer automorphism groups is rather strong as not many groups are known to have this property. Blackburn [6] first proved that the finitely generated nilpotent groups are conjugacy separable. Later Formanek [11] and Remeslennikov [19] independently extended this result by proving that polycyclic-by-finite groups are conjugacy separable. Dyer in [9] proved that free-by-finite groups are conjugacy separable. Fuchsian groups are proved to be conjugacy separable by Fine and Rosenberger [10] .
At present, the conjugacy separability of HNN extensions is difficult to determine. Indeed one of the simplest types of HNN extensions, the Baumslag-Solitar group, h, t; t −1 h 2 t = h 3 is not even residually finite (see [5] ). However Kim and Tang had characterized the conjugacy separability of HNN extensions of finitely generated abelian groups with cyclic associated subgroups in [14] and they gave a criterion for the conjugacy separability in HNN extensions with cyclic associated subgroups in [15] . More recently Raptis, Talelli and Varsos in [18] proved the equivalence of residual finiteness and conjugacy separability in HNN extensions of finitely generated abelian groups and certain HNN extensions of finitely generated torsion free nilpotent groups.
For completeness we state the following definitions. 
It is clear from the definitions that conjugacy separability implies residual finiteness. We shall need the following definitions and theorem. It is not hard to see that every element in G is conjugate to a cyclically reduced element. The following theorem will be used throughout this note. 
Conjugacy separability: The proofs
In this section we shall show the equivalence of residual finiteness and conjugacy separability in HNN extensions of polycyclic-by-finite groups with central associated subgroups. This is done in Theorem 3.4. This result extends the result of Raptis, Talelli and Varsos [18, Theorem A] . From this, we are able to use the results of Wong and Wong [22] to give characterizations for these HNN extensions to be conjugacy separable in Theorem 3.5. In order to prove the above results we first prove Theorem 3.3. The following lemma is obvious but we shall give a proof for expository purposes.
Lemma 3.1. Let A be a group and H , K be subgroups of A. If H
Q is the subgroup generated by a and H K , is not residually finite (see [3, Theorem] 
Proof. First we note that H K is a finitely generated subgroup in the center of A, and 
We now assume that i = i for all 1 i n. In this case x ∈ {y} X if and only if the following system of equations (1) holds:
where
. . ,n and V 0 = V n . By using this notation, u i ∈ U i , v i ∈ V i and X = V n . So we can write x / ∈ {y} V n .
Since x / ∈ {y} V n , then from (1), either x i / ∈ V i y i U i+1 for some 0 i n − 1 or x i ∈ V i y i U i+1 for all 0 i n − 1 but x = v −1 yv for all v ∈ V n . In both of these cases we will construct a group G p such that x / ∈ {y} V n .
Subcase 1.
Suppose that x i / ∈ V i y i U i+1 for some 0 i n − 1. This implies that y 
Without loss of generality, we may assume n = 2, and either 1 = 2 = 1, or 1 = − 2 = −1. x , y ∈ R. Now we show that x / ∈ {y } R .
0 y 0 , and one can easily deduce that x = x 0 t −1 x 1 t = y 0 t −1 y 1 t = y, a contradiction. Thus x / ∈ {y } R .
Suppose 1 = 2 = 1. Then y = t 2 and x = c 0 tc 1 t are cyclically reduced. Suppose x ∈ {y } R . Then x ∈ {y * } V 2 for some cyclic permutation y * of y (Theorem 2.6). But y * = y for all cyclic permutations y * of y . Therefore the following system of equations (2) holds: (2) we obtain the system of equations (3) below.
But this means x ∈ {y} V 2 , a contradiction. Thus x / ∈ {y } R .
In either cases ( 1 = 2 = 1, or 1 = − 2 = −1), we have x / ∈ {y } R .
Since R is conjugacy separable, there exists N f R such that x / ∈ {y } R N. We claim that x / ∈ {y} V 2 . Suppose not. Since x = x 0 t −1 x 1 t and y = y 0 t −1 y 1 t are cyclically reduced (by the choice of p 1 ), the following system of equations (4) holds:
where (4) and multiplying by a, we obtain the system of equations (5) below.
So in both of the subcases above, we have constructed a group G p such that x / ∈ {y} V n .
Recall that V n = X . Since {y} X is finite and G p is conjugacy separable by Theorem 13 of [8] 
. By the choice of p, x, y are cyclically reduced, x = y = n and x / ∈ {y}
As in Case 1, G p is conjugacy separable and we are done.
The proof of this theorem is now complete. 2
We now apply Theorem 3.3 to polycyclic-by-finite groups. Note that Theorem 3.4 generalizes Theorem A of [18] . Now by Theorem 3.3 of [22] and Theorem 3.4, we have the following characterization. 
Outer automorphism groups: Preliminaries
For this and the next section on outer automorphism groups, the following notations will be used for any group G:
Aut(G) and Inn(G) denote the automorphism group and inner automorphism group of G respectively. Out(G) denotes the outer automorphism group, Aut(G)/Inn(G), of G.
We now state the following definitions and theorem. [17] .) Let G = t, A; t −1 Ht = K , ϕ be an HNN extension. A word w = w 0 t 1 w 1 t 2 w 2 . . . t n w n (n 0), where w i ∈ A and i = ±1 for all i, is said to be in normal form:
Note that w i are representatives of H (or K ) in A.
Note that if a word is in normal form then it is reduced (see Definition 2.4).
Outer automorphism groups: The proofs
In this section we prove our main result on outer automorphism groups. We begin by proving Theorem 5.1. (6), (7) and (9), we obtain v
1 h 2 since H and K are in the center of A. Next from (6) and (8), we obtain k 
